We investigate the complex geometry of a multidimensional generalization D(n) of the upper-half-plane, which is homogeneous relative the group G = SL(2n; R). For n > 1 it is the pseudo Hermitian symmetric space which is the open orbit of G = SL(2n; R) on the Grassmanian Gr C (n; 2n) of n-dimensional subspaces of C 2n . The basic element of the construction is a canonical covering of D(n) by maximal Stein submanifolds -horospherical tubes.
Geometry of the complex Grassmanian Gr C (n; 2n)
We will realize the symmetric space D as a domain in the complex Grassmanian Gr = = Gr C (n; 2n) of n-dimensional subspaces in C 2n . We will use the Stiefel coordinates
of complex (2n × n)-matrices of the rank n with the square blocks z i , i = 0, 1, as homogeneous coordinates in the Grassmanian (for n = 1 they are homogeneous coordinates on the projective line); thus we can interpret Gr as a matrix projective line). Columns of Z is the basis in the corresponding n-subspace. We have the equivalence relation Z ∼ Zu, u ∈ GL(n; C).
So we identify the equivalence classes with the points of Gr. Let us write elements of the group G C = GL(2n; C) as block matrices
with the square matrix block elements of order n. This group acts on Gr (on the equivalence classes!) by the multiplications:
The dimension of Gr is equal to n 2 . The subgroup P = P (0) ⊂ G C of elements g with C = 0, is the isotropy subgroup of the
where E, 0 are correspondingly the unit and zero matrices. So as a homogeneous space Gr C (n; 2n) = GL(2n; C)/P.
The unimodular subgroup SL(2n; R) and the maximal compact subgroup U (2n) (and SU (2n)) also act transitively on Gr and induce the structure of the compact Hermitian symmetric space. The Riemannian structure on the Grassmanian is connected with its representation as
The points Z with z 0 of the rank n are equivalent to points of the form
, z = z 1 (z −1 0 ). So we have a dense coordinate chart Gr 0 with inhomogeneous coordinates z ∈ M (n). The subgroup P + of elements g with B = 0 preserves this chart Gr 0 and its unipotent subgroup N + with A = D = E is transitive on it and acts by the addition of matrices (z → z + C).
By the action of G C , we can construct other charts. It is enough to consider a finite number of them to cover Gr. If I = (0 < i 1 < i 2 < · · · < i n 2n) is a sequence of integers, then points Z, for which minors of rows with the numbers from I are not zero determinants, give the coordinate chart Gr I (it corresponds in G C to permutations of the rows of Z which makes the rows with the numbers I the first ones.). Gr 0 corresponds to I = (1, . . . n).
The symmetric domain D and its geometry
The domain D, which is the focus of this paper, can be interpreted as an analogue of the "upper half-plane" for the group SL(2n; R). It will be realized as one of two open orbits on the complex Grassmanian Gr C (n; 2n) of the real group G R = SL(2n; R) ⊂ SL(2n; C). For elements of G R we will use the real 2n-square matrices with the square blocks of order n, similarly to the complex case and with the same notations. The minimal orbit of the action of the real group G R on the complex Grassmanian is the real Grassmanian Ω = Gr R (n; 2n) of n-dimensional subspaces in R 2n . It has the real dimension n 2 (equal to the complex dimension of the initial complex Grassmanian).
We will use on the real Grassmanian, the real (homogeneous) Stiefel coordinates X = (
x 0 x 1 ) the real (2n × n)-matrices of the rank n with the square blocks x i . Then Ω = G R /P (0) R where the parabolic subgroup P (0) R , the real form of the complex parabolic subgroup P (0) is the
∈ Ω. Let us remark that the orthogonal subgroup SO(2n) is transitive on Ω and induces the structure of the (real) compact Riemannian symmetric space
The intersection with the complex coordinate chart Gr 0 gives the real coordinate chart Ω 0 ≃
.
On Ω 0 the group P (0) R acts transitively; the same is true for its Abelian subgroup N (0)(A = D = E). The point X 0 lies on the boundary of this chart. The action of G R on Ω 0 gives the other coordinate charts on Ω which are intersections with the complex coordinate charts. We will parameterize them by points of Ω such that Ω(ω), ω ∈ Ω, is the orbit of the isotropy subgroup P (ω) of ω.
We will write the complex matrices as Z = X +iY, z = x+iy. For the complex (2n×n)-matrix Z let us consider the square real matrix
) .
Now we can give the basic construction of the domain D.
Apparently, this definition is compatible with the equivalence relation. Similarly, we define D − . The closure of the union of the union D + , D − coincides with the complex Grassmanian Gr. The real Grassmanian Ω is the joint edge of the boundary of these domains. Let us investigate the domain D and the action of the group G R which preserves it. Let D 0 be the intersection with the complex coordinate chart Gr 0 .
Then in D 0 we can rewrite the defining condition on D in inhomogeneous coordinates z = = x + iy ∈ M (n; C) ≃ C n 2 in G 0 as det y > 0.
Let us consider in M (n; R) the non convex cone M + (n) of matrices y with the positive determinant [1, 2] . As a result, we can interpret the domain D 0 as the tube domain
in the linear space M (n; C) of complex square matrices of order n.
So and H is isomorphic to GL(n; C). Finally, D = SL(2n; R)/GL(n; C).
Complex cycles in the domain D
The domain D relative to the transitive action of the (real) group G R = SL(2n, R) is the pseudo Hermitian symmetric space. In the analytic picture there are no holomorphic functions on D which are different from constants.
It is q-pseudo concave, q = n(n − 1)/2. This property is connected with the existence inside D of complex cycles -complex compact submanifolds of dimension q. To construct such a cycle, let us fix a point Z ∈ D and then take the orbit of a maximal compact subgroup K = SO(2n) ⊂ G R . It will be the compact complex symmetric space
where the unitary group U (n) is realized as the intersection K ∩ GL(n; C) (realized as the isotropy subgroup of the point Z in the action of G R = SL(2n; R)). Apparently, the whole cycle C(Z) lies inside the domain D. The direct computation shows that this dimension (complex) is equal to n(n − 1)/2. The cycle C(Z) will be preserved relative to the induced action of SO(2n; C), the complexification of the compact group SO(2n).
Acting on the cycle C(Z) by elements g ∈ G C , we will receive isomorphic cycles in the Grassmanian Gr C . The parametric space of these cycles is
which is a complex symmetric space. Of course, not all these cycles lie inside D, but cycles from the orbit C(R) ⊂ C(C) of the real subgroup G R = SL(2n; R) consists of such cycles; C(R) is a Riemannian symmetric space for the group SL(2n; R).
However, C(R) does not collect all cycles lying in D: in the construction of C(Z) we can replace Z ∈ D by a pointZ ∈ D, but outside C(Z). Parameters of all cycles lying in D gives a remarkable complex neighborhood of C(R) which sometime is called the crown of the symmetric space. It is Stein manifold invariant (but not homogeneous) relative to G R . It has many remarkable universal properties and can be described explicitly [3, 4] .
From elementary linear algebra, it follows that C(C) can be realized as the set of complex symmetric matrices of order 2n, with the unit determinant and correspondingly C(R) is the subset of real unimodular symmetric matrices. The cycle C(J), corresponded to a symmetric matrix J, in the Stiefel coordinates is represented by the "matrix "-quadric
This matrix equation means n(2n − 1) linear equations, since its first part is a symmetric matrix of order 2n. To the action Z → g −1 Z of SL(2n; C) corresponds the action
If we were write J through the square blocks of order n:
We put the minus for convenience, below. The conjugate subgroups will be transitive in T (M ).
Horospheres in D and horospherical tubes
All horospheres F (g) and horospherical tubes T (g) in the domain D, we define as the result of the application of g ∈ SL(2n; R) to F (iE, E), T (E) correspondingly. The horospheres F (M, L) and tubes T (L) in D 0 above are special cases of this construction. The general horospheres will be planes in the corresponding coordinate charts. The same horospheres or horospherical tubes can correspond to different g. The parametrical space of the horospherical tubes is the homogeneous space G/G 0 . If in the construction of G 0 we add the condition of the orthogonality of the matrix A, it will be the parametrization of the horospheres in D. This construction admits the generalization on pseudo Hermitian symmetric spaces connecting with the Jordan algebras [2] .
Horospheres and the horospherical tubes are very convenient tools for the development of complex analysis in D. The domain D is q-pseudo concave domain, q = n(n − 1). So the subject of the complex analysis in D are∂-cohomology. Our language of the smoothly parameterized Cech cohomology [5] [6] [7] , using the covering of D by the horospherical tubes, gives a canonical explicit realization of this cohomology. In turn, this gives a cohomological realization of the Speh realization of the group SL(2n; R), but that will be the subject of another paper.
